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Abstract 

In this article, starting with results from a paper by Cammaroto 
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Fg(X) = Fg(X s ) — F(X S ) for every H-closed and Urysohn space and 
we present some useful examples to study the full relationships among 
the cardinal functions t, t$, F and Fg in the context of H-closed and 
Urysohn spaces. Also, we construct an H-closed space H for which 
Fg(H) < tg(H). Two questions posed by Cammaroto and Kocinac 
about H-closed spaces are answered. 
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1 Introduction 

In 1979, A.V. Arhangel'skii proved that F(X) = t{X) for every compact 
Hausdorff space X Also, in 1993 F. Cammaroto and Lj.D. Kocinac 

showed that Fq(X) < tg(X) for every H-closed space X (13$) and asked if 
the converse can be true for H-closed (or H-closed Urysohn ) spaces. 
We give a positive answer to their question for H-closed and Urysohn spaces 
showing that t e (X) = tg(X s ) = t(X s ) = F e (X) = F e (X s ) = F(X S ) and we 
provide an example of H-closed space H for which Fq(H) < t$(H). 
Moreover, we provide examples that demonstrate all of the inequalities pos- 
sibilities among the cardinal invariants t, tg, F and Fq for H-closed Urysohn 
spaces. Some of these spaces are modifications of the well known Cantor 
cube (D c ) of weight c and the Tychonoff cube (F) of weight c. 



2 Notation and terminology 



Throughout this paper X will denote a topological space and t{X) the topol- 
ogy on X. Our notation and terminology are mainly as in [7] (for general 
topological notions), [2], |10| . (for cardinal functions) and |12) (for H- 
closed spaces and H-closed extensions). 

Here are a few basic definitions: 

- [X]- K := {A C X : \A\ < k} denotes the family of subsets of X 
which have cardinality less than or equal to k. 

- cl e (A) := {x G X :U n A ^ whenever, x G U G t(X)} is called 
the 9-closure of A; if A = clg(A) then A is said to be 9-closed; when 
more then one space X is envolved, we will denote clg(A) by clg t x(A) 
to prevent any possibility of confusion. 

- The semiregularization of a space X, denoted by X s (or X(s)), is 
the set X with the topology generated by the family RO(X) = {U G 
t(X) : U = intx(clx(U))} of regular open sets of X (if X s = X, then 
X is called semiregular) . Clearly, every T^-space X is semiregular (the 
converse is not true). 

- A function / : X — > Y is ^-continuous if for each x G X and open 
neighborhood V of f(x), there is an open neighborhood U of x such 
that f(clx(U)) C clyiV)- It easy to see that every continuous function 
is 6 -continuous (the converse is not true). 

- A surjection / : X — >■ Y is irreducible if for each closed set A C X, 
if A ^ X, then /(A) ^ Y. Equivalently, / is irreducible iff for each 
nonempty open set U G t(X), there is y G K such that f^(y) C {7. 

- (|12j. §£.3) A nonempty family J 7 of nonempty open subsets of X 
is an open filter base if for every F\,F2 G J 7 , then there exists F3 £ J 
such that F3 C Fx n F2. An open filter base J 7 on X is an open filter if 
for each i 7, G J- and for any U G t(X) such that -FCC/, then C7 G J 7 . 
Denote by O-F(X) the lattice of all open filters on X when partially 
ordered by inclusion. An open filter IA on X is an open ultrafilter if 
it is the maximal element of OF(X), i.e. - in symbol - if for each 
T G OF(X) such that WCJ, then U = T. 

If T is an open filter on X, the set axF = C\ Fe jrclx{F) is called the 
adherence of T . If axF 7^ 0, T is said to be fixed; otherwise T is 
called free. 

- A Hausdorff space X is H-closed if X is closed in every Hausdorff 
space containing X as a subspace. Equivalently, X is H-closed if every 
open cover £Y of X has a finite subfamily V whose union is dense in 
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X (i.e. X C c/x(UyGV^))- H-closed spaces have many of the same 
properties as compact HausdorfF spaces. H-closed spaces have been 
studied by Katetov, Fomin, Tychonoff, Stone and Bourbaki. 
We need this well-known result (see in |12]): 

X is H-closed Urysohn iff X s is compact Hausdorff. 

- (US) For a HausdorfF space X, let X* = X U {U : U is a free open 
ultrafilter on X}. Let kX be the set X* with the topology generated 
by the base t(X) U {U U {U} : U G U G X* \ X}, and aX be the 
set X* with the topology generated by the base {o(U) : U G t(X)} 
where o(*7) = U U G X* \ X : U G Z/J-. Both spaces ftl and 
o~X are H-closed extensions of X. kX is called the Katetov H-closed 
extension of X and o~X is said the Fomin H-closed extension of X. 
The identity function id : kX — > oX is continuous. The remainder 
of kX (= kX \ X) is discrete and closed in acX, and the remainder 
of oX (= oX \ X) is a zero- dimensional subspace of erX. If X is 
a Tychonoff space, then kX >x ctX >x (3X where f3X denote the 
Stone-Cech compactification of X. When X is Tychonoff, kX = fiX 
iff X is compact and aX = f3X iff every closed nowhere dense subset 
of X is compact. Also, we have that {nX) s = (o~X) s = (3X. 
If hX is an H-closed extension of X and fh : kX — > hX is a continuous 
function such that fh\x = idx, then Vh = {f^(y) ■ V G \ X} is 
a partition of kX \ X = aX \ X (recall that kX \ X and aX \ X are 
the same set). In terms of aX \X, Vh is a partition of compact sets. 
Conversely, if V is a partition of aX \ X into nonempty compact sets, 
there is at least one H-closed extension hX of X such that V = Vh- 



Definition 1. For x G X, 

t(x, X) := min{ft :V A C X with x G A 3 B C A s.t. < k and x G I?} is 
called the tightness of X at x. 

t(X) := sup xeX {t( x i X)} + u: is called the tightness of X. 

tg(x,X) := min{«; : V A C X with x G c/ e (^) 3 B C A s.t. < k and x G 

c/e(i?)} is called the 6 -tightness of X at x. 

tg(X) := sup x£X {te(x, X)} + uj is called the 6-tightness of X. 

Definition 2. 

A sequence (x a : a G /u) in a space X is called a free sequence of length fi if 
for every a G /i we have 

c/jf{xg : /? < a} n clx{xp : /3 > a} = 0. 
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A sequence (x a : a £ /i) in a space X is called a 6-free sequence of length fi 
if for every a € /U we have 

clg{xp : /? < a} Pi clg{x/3 : /9 > a} = 0. 

We define: 

:= sup{/i : there is a free sequence of length [i in X} + w. 
:= sup{// : there is a #-free sequence of length \i in X} + w. 



Here are some basic results that we will use throughout the paper: 
Proposition 3. Let X be a space and Y C X as subspace. 

(a) t e (X) = t e (X s ) and F e (X) < F(X); 

(b) If cr is a topology in X such that a 5 r(X), then F(X) < F(X, a) (in 
particular F(X S ) < F(X)); 

(c) t(Y) < t(X); 

(d) If Y is closed in X, then F(Y) < F(X); 

(e) If X is T 3 , then = t(X) and = F(X); 

(f) If X is Hausdorff, then F(X) < L(X)t(X). 

In 1971, A.V. Arhangel'skh proved the following result: 
Theorem 4. ([1]) 

If X is compact Hausdorff, then F(X) = t(X). 

In 1993, F. Cammaroto and Lj.D. Kocinac extended one half of Arhangel'skh 
result to H-closed spaces: 

Proposition 5. ([3]) 

If X is H-closed, then F e (X) < t e {X), 

Also, Cammaroto and Kocinac asked if the converse of previous result is 
true for H-closed (or H-closed Urysohn) spaces. In this paper, we provide 
a positive answer to their question for H-closed and Urysohn spaces and a 
negative answer for any H-closed spaces. 
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3 First main result and examples 



To answer Cammaroto-Kocinac's question for H-closed Urysohn spaces, we 
start with this straightforward result: 

Proposition 6. 

UACX then clg, x {A) = cl e ,x s {A)- 
Proof. 

Let x G cl e> x(A) and x G U G t(X). Then, cl x (U) (1 A ^ ®. 
Now, consider x G U G t(X s ) C t(X) and we want to show that dx s (V) D 
A ^ 0. We have d x (V) nA/U and djf (V) C c/ Xs (^) (as t(X s ) C t(X)) 
and so we have clx a (V) n ^4 7^ i.e. x G de» j x 3 ( J 4). 

Conversely, let x G de,x s (^) then x G U G r(X s ) such that dx s (f/)flyl / 0. 
Now we have clx(U) = d Xs (U) (see [T2] ) but dx(U) G r(X s ) and so 
clx a intxclx(U) PI A 7^ 0. Also, we have 

cZxt^ = clxintxclx{U) = clx s intxclx(U) (see |12|). 

So we have cl x (U) i.e. x G c^xO^). □ 



Proposition 7. 

For a space X, if X s is T3, then 



F e (X) = F e (X s ) = F(X S ) and t e (X) = t e (X s ) = t(X s ). 

Proof. Let (x a ) a&fl be a sequence in X. By Proposition we have that 
(x a ) QgM is 0-free in X iff (x a ) a& ^ is #-free in X s ; thus, = Fg(X s ). 

If X s is also T3, then for each A C X s , dx s A = dgx a (A). It follows that 
(s a ) ae)1 is free in X s iff (x a ) aejU is 0-free in X s . Thus, F(X S ) = Fg{X s ) So, 
when X s is T3, we have 

F e (X) = F e (X s ) = F(X S ). 
A similar argument shows that when X s is T3, we have 

t e (X) = t e (X s ) = t(X s ). 

□ 

Remark 8. 

Now, if X is H-closed Urysohn then Fg(X) = F(X S ) but also we have 
F(X S ) = t(X s ) as the semiregularization of X is compact Hausdorff. So, 
the proof of tg(X) < Fg(X) is reduced to show equivalently tg(X) < t(X s ). 
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Theorem 9. 

If X is H-closed Urysohn, then 



t e (X) = t e (X s ) = t(X s ) = F e (X) = F e (X s ) = F(X S ). 



Proof. When X is H-closed Urysohn, X s is compact Hausdorff and so is 
T3. By the arguments in the previous paragraph, we have that Fg(X) = 



F e {X s ) = F(X S ) and t e (X) = t e (X s ) = t(X s ). By Theorem^ F(X S ) = 



Remark 10. 

The conclusion of previous theorem answers one part of the question asked 
by Cammaroto and Kocinac (|3|). The two cardinal items missing in the 
conclusion of Theorem are the cardinal invariants F{X) and t(X). This 
leads to the natural question: when X is H-closed Urysohn, what are the 
relationships among F(X), t(X), and Fg(X) = tg(X)7 

By Remark [721 and Theorem^ we know that for H-closed Urysohn spaces X, 
tg(X) = Fq{X) < F(X). Now, using six examples, we show that all possible 
relations of t(X) with tg(X) = Fq{X) < F{X) are possible for H-closed 
Urysohn spaces. 

Example 11. 

In this example, we construct an H-closed Urysohn space X for which t(X) > 
F(X) = F B (X) = t e (X). We start with I = [0, 1] with r(I) being the usual 
topology and let the underlying set of X be [0, 1] with this finer topology: 

t{X) is generated by {U\C : U G r(I),C € [1]-^}. 

As r(I) C t(X) and I is T 3 , it follows that r(I) C t(X s ). For U\C G t(X), 
note that cl x (U\C) = ch(U) (as int x cl x (U\C) = intich(U) G r(I)). Then, 
we have RO(X) C r(I) and t(X s ) C r(I). Thus, r(X s ) = r(I) or X s = I; 
this shows that X s is compact Hausdorff and thus X is H-closed Urysohn. 

By Remark\M tg(X) < t(X). By Theorem^ tg(X) = tg(X s ) = t(X s ). As 
X S = I and t(I) = w, we have that a; < For A = (0, 1], cZx(^) = [0, 1] 

and G cl x (A)\A. Let B G L4]- w . Then s G [0, G t(X) and 
([0,1]\S) n B = 0. So, clx(-B) = B and g cl x (B). This shows that 
> u)\. Let i C I and p G c?x(^4)\^4- Then >1 is uncountable and 



for each nGN, \p ,p-\ In^is uncountable, too. We can find a 



t(X s ). All together, we have: 



tg(X) = tg(X s ) = t(X s ) = Fg(X) = Fg(X s ) = F(X S ). 



□ 



1 



n 




B € [A]-" 1 such that ( p ,p-\ I C\B has size u\ for each n € N. Hence 

\ n n J 

for p £ U\C £ t{X), (U\C) This shows that t(X) = uj 1 . 

Thus t (X) =uj <uj 1 = t(X). 

By Remark\M F e (X) < F(X). By Theorem^ F e (X) = F B {X S ) = F(X S ). 

As X s = I and F(I) = w, we have that Fq(X) = u < F(X). 

Assume there is a free sequence B = {b a : a < u)\} in X; so, for each /3 < oj\ 

clx{b a : a < j3} D clx{b a : a > /3} = 0. 

Now, B <Z X and [£?| = u)\, and is a Lindelof subspace of I. 
Now, we want to show the following result: 

Claim. There is a point b £ B such that if b € U £ r(I) then | C7" Pi B\ = u% 
(6 is a complete accumulation point). 

Proof. Assume the contrary: for each p £ B, there exists U p £ r(I) such 
that p € Up and |C7j> H-B| < OJ. The open cover {[/p} pg £ of B has a countable 
subcover and there is a countable subset A C B such that B C |J ^ J7 p . 
Then i3 = UpeA(^p ^ B) and, because A and U p f) B are countable, I? 
countable. But this is not possible as B is uncountable. □ 

By the Claim, there is a (3 < u)\ with the property that when bp £ U £ 
r([0, 1]), |£7ni?| = u%. As 1? is a free sequence we have bp £ clx{b a : a > f3} 
and this means that there is a U £ t([0, 1]) and countable set C such that 
6/3 £ f7\C and £7\C n {b a : a > (3} = 0. But | C7" n B| = wi and so \U n : 
ct > /3}| = dj^. Since C is countable we have \(U\C) PI {6 a 
This contradicts that B is a free sequence and completes the proof that 
F (X) = F(X) = OJ. 

Example 12. 

In this example, we start with the H-closed Urysohn space klj where (kui) s = 
(3u> (see 4.8 in [12] for details). By 7.22 in [10], t((3u) = c. By Proposition® 
and Remark \1(A F(kuj) > F$(kw) = t$(KU)) = c. Now, hu\oj is closed and 
discrete, and | Acuj\aj| = 2 C . Thus, 2° < F(kcj) < \kuj\ = 2 C . This shows 
that F(kuj) = 2 C . Let A Q klj and p £ c/ Kaj A\A Note that cl KUJ A = 
cl KUJ (Ar\uj){Jcl KUJ (A\u}) = ci m (ina;)Ui\w. But |^4nu;| = w and it follows 
that t(nuj) = to. So, we have F(kuj) > Fq(klj) = tg(nuj) > t(nuj). Note that 
F(klj) = 2 C and Fq(koj) = tg(KLj) = c adds to list of properties of klj started 
by Hodel (see 7.22 in [10J for details). 

Let B denoted the set {0, 1} with the discrete topology and I denote the set 
[0, 1] with the usual topology. 
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For a cardinal k, the Cantor cube of weight n is the product space D K and 
the Tychonoff cube of weight k is the product space I K . 

Proposition 13. Let k be a cardinal. Then 

(a) t(B K ) = s(B K ) = F(W) = k and t(I K ) = s(I K ) = F(I K ) = «; 

(b) Let Y = kL) {k}(= k + 1) with the order topology. 
Then \Y\ = w{Y) = t(Y) = F(Y) = k. 

Proof. 

(a) By 11.8 in [10], t(B K ) = s(D K ) = F(D K ) = «;. Using that W C I K and 
that the cardinal functions s and t are monotonic, and that F is monotonic 
for closed subsets, we have t{W) < t(I K ), F(W) < F(I K ) and s(W) < 
s(I K ). Let / : B K — > I K be a continuous surjection and A = {x a } a&fl a free 
sequence in I K . For each a < /i, let p Q € f*~(x a ) and let i? = {p a }aG^. For 
^ < fj, let = {s; a } a ^ and Bp = {p a } a <p- We have that f[d® K (Bp)] C 

and /[cZ D «(B\-B^)] C c/ p (A\^). As d P (Ap) n d P (A\Ap) = 0, 
cZj])K(-B i( 3)ndiD) K (B\Bp) = 0. So is a free-sequence in D K and it follows that 
F(r) < F(B K ) = k. Also, because B K C I K we have k = F(B K ) < F(I K ) 
and thus k = F(I K ). By compactness of I K and Theorem^ we have that 
t(I K ) = F(I K ) = n. Again, using a continuous surjection / : D K — > I K , a 
discrete subset j4 of I K , and i? a subset of D K such that /|_b : B — > A is a 
bijection, it follows as above that B is a discrete subset of D K . 
This shows that s(I K ) < = k. Combining this with inequality s(B K ) < 

we have that s(I K ) = k. 

(b) Let Y = k U {k}(= k + 1) with the order topology. It is well-know 
that Y is compact Hausdorff and that \Y\ = w(Y) = k. By Theorem ^ 
F(Y) = t{Y) = k. □ 

Example 14. 

For the space I (usual topology on [0, 1]), we have that Fg(I) = F(I) = 
t fl (I) = t(T) = u. 

Example 15. 

Suppose [-iCH] (i.e. uj < uj\ < c). 

Consider the space X = [0, 1] equipped with the topology generated by 
{U \ C : U £ r(I) and C € [I]^ 1 }. The space X is H-closed Urysohn 
(as X s = I is compact Hausdorff). Moreover, Fg(X) = tg(X) = oj and 
t{X) = UJ2- To find F(X), we will compute s(X). From the definition of the 
topology, note that s(X) > uj\. To show that s(X) < oji, assume there is a 
subset AC [0, 1] such that \A\ > 0J2 arid A is a discrete subset of X. Then 
for each a £ A, there is an open interval (r , s a ) (with r a ,s a € Q) and C a G 
[0, l]^^ 1 such that for V a = ( 

r ai s a )\C a , V a PiA — {o}- Consider the function 
/ : A ->• (Q X Q) n (I X I) defined by f(a) = (r a , s a ). There is (r, s) G Q such 
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that \f*~[(r, s)]\ = u 2 - Let B = f*~[(r, s)] and there is b G B\C a as | B \ = uj 2 
and \C a \ < u x . Thus, b G (r b , s b ) \C a = (r, s)\C a = (r a , s a ) \C a = V a , a 
contradiction. Thus, s(X) < uj\. Then, F(X) < s(X) = ui\. 
Let A = {x a : a 6 be a subset of X such that \A\ — u>±. As A is closed 
and discrete, A is a free sequence in X and uo\ < F(X). 

In order to construct the last two examples, we present this following result 
from Walker's text: 

Proposition 16. (PU - 6.15) 

Let K be a compact space such that w(K) < u\. Then, K is the remainder 
of uj in some compactification. 

Example 17. 

Let K be the compact space u)\ + 1; by Proposition \13\ w(K) = By 
Proposition \16\ there is a compactification ^yuj of uj such that juj \ uj = UJ\-\- 1. 
By Proposition\13\ and Theorem^ F(p/uS) = Fq{^uj) = t{~fuj) = tg^uj) = uj%. 
Let /i£j = with topology generated by r(-yuj) U{wU {wi}}. 
So, /iw is an H-closed extension of u and (huj) s = juj. 

Note that the set uj\ is a closed discrete subspace of hu). Thus, F(huj) = uj\. 
Also, note that hu\{uj\} is a subspace of 70; and is first countable. If A C hu 
and wi G cZ^^-A), then u>i G clhuj(A n wi). This shows that t(huj) = uj. By 
Proposition \13\ and Theorem^ Fg(hu) = F("fu) = t(^fu) = tg(hui) = UJ\. 

We need this consequence of the first result in Dow-Porter's paper: 
Proposition 18. (0-0.1) 

If D is an infinite discrete space and 7D is a compactification of D (in 
particular, 7D \ D = K is a compact space and if L is a space with if as 
the underlying set and t(L) D r(iif)), there is an H-closed extension hD of 
D such that hD \ D = L and (/iD) a = 7D. 

In addition to Proposition [Td\ and 1 18\ we will need the following additional 
properties of D^ 1 : 

Proposition 19. [Assume UJ2 < 2 Wl ] 

(a) If ^ U G r(D Wl ), then \U\ = 2 Wl ; 

(b) There are disjoint sets A, B C D" 1 such that if ^ C7 G r(D Wl ), 

I U nA\ > UJ2, \U Pi B\ > UJ2, both A and have subspaces homeomor- 
phic to uji + 1, and |A| = 2 Wl . 

Proof. 

(a) This follows from noting that a basic open set of D W1 has the form 
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V = V ai x ... x V an x rUx^,...,^} D where M ^ C {0, 1} for i = 1, .., n 
and |V| = 2 W1 . 

(6) As w(D Wl ) = oo lt let B = {V Q : a < ooi} be an open base for D Wl . By (a), 
|C7| = 2 W1 for each U € B. Let A' C {0}xIX wl \ {o j D and £' C {lJxIl^yijD 
such that both A' and £>' are homeomorphic to oo\ + 1. We inductively define 
A a and 5 a for a < u>i such that A a U B a CV a \ (A' U B'), A a n Bp = 0, 
j4 q n Ap = and £> Q n Bp = for a,f3< ooi; moreover, \A a \ = \B a \ = 002- 
Let B = B'U \J a<UJl B a and A = O UJl \ B. In particular, A' U U a <«i A a Q A 
and |A| = 2 Wl . □ 



Now, we are ready to present this last example: 
Example 20. 

Suppose [-iGCH] (in particular: uj\ < 002 < 2 W1 ). 

By Proposition \16\ let 5oo be a compactification of 00 such that 6 00 \ 00 = 
B W1 . Let L be space whose underlying set is {0, and with the topology 
generated by 

{{p} : p G A} U {(U n B) \ C : U G r(B Wl ), C G [S]^ 1 }, 

where ^4 and I? are defined in Proposition \19\f b). By Proposition \18[ there 
is H-closed extension hoo of a; such that hoo \oo = L and (hoo) s = 5oo. As yl 
is a closed, discrete subset of hoo, F{hoo) = 2 Wl . For p G A, as w U {p} is a 
neighborhood of p in /iw, hoo) = 00. By definition of the topology on L, 
for p £ B, t(p, hoo) > L02- Suppose E C p g clhui(F) fl -B, and |F| > W2- 
Then p G clhu((E (~}B) \oo). Also, |(Fn.B)\a;| > W2- Let B p be an open base 
at p in D Wl such that \B p \ = 001. For each U £ B p , \U D ((E D B) \oo)\ > co 2 . 
Let E v QUfl((EnB)\oo) such that \E V \ = oo 2 . let F = \J UeB E v . Then, 
F C (E n B)\ to, \F\ = u 2 , and p G cl huJ {F). Thus, t(p,hoo) = oo 2 . This 
shows that = cj 2 . By Theorem^ F e (hoo) = F(5oo) = F(D Wl ) =001 = 

t (hoo) =t(Su) =t(D Wl )- 

For convenience we present the complete list of examples we have developed 
to study complete relations among the cardinal functions t, tg, F and Fq in 
the context of H-closed Urysohn spaces: 

Conclusion A. Let X be H-closed Urysohn. 

By RemarkUM we note that F(X) > F e {X) = t e (X); 

In Example [771 we show for some X: t(X) > F(X) = Fg(X) = t e (X); 

In Example EH we show for some X: F(X) > F e (X) = t e (X) > t(X); 
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In Example [7g we show for some X: F e (X) = F{X) = t e (X) = t(X); 

In Examvle fi5l we show for some X: t(X) > F(X) > F e (X) = t e (X); 

In Examvle VTA we show for some X: F(X) = F e (X) = t e (X) > t(X); 

In Example\EU\ we show for some X: F(X) > t(X) > F e (X) = t e {X). 



4 Second main result 

In this section we will construct an example of H-closed space H such that 
Fg(H) < tg{H). This example provide a solution to the second question 
raised by Cammaroto and Kocinac in [3]. 

Lemma 21. ([12]) Let X and Y be spaces, A C X and / : X -> Y 6- 
continuous. Then, f(clg(A)) C clg(f(A)). 

Lemma 22. (p2] - 7.4) 

Let X be a space and V be a partition of nonempty compact subsets of 
aX \X. 

(a) There is an H-closed extension hX of X and a ^-continuous, perfect, 
irreducible surjection / : aX — > hX such that V = {/^~(y) : y £ 

\X}; 

(b) For each K let = f| X (ET is a collection of free open ultrafil- 
ters on X). Then, Tk is a free open filter on X; 

(c) The topology on hX is generated by {{f(K)} U U : K £ V, U G 
^}Ur(I). 

Remark 23. 

The H-closed extension hX constructed in previous lemma may not be 
Urysohn. 

Lemma 24. ([14J - 3.34) 

There is a point p E u*(= f3uj \ uj) and open set U € t{(3uj) such that 
p G dp^U) \ U and whenever E € [C/] <c , p ^ clp^E). 

Remark 25. 

For the remainder of this section, p will be used to denote point of uj* de- 
scribed in previous lemma. As w(f3uj) = c, there is an open neighborhood 
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base Bp of p such that \B P \ < c. For each B G B p , let cb G U D B and 
C = {c B : B G S p }. Note that p G d^{C) and for £ € [C] <c , p <£ d^(E). 
This is a direct proof that t(f3oj) > c. As w(/3oj) = c, we have that t((3oj) = c. 
Let C' = CU {p}. 

Lemma 26. ([9] - 9H.2) 

HAe [ j 0wp w , then |c^(A)| = 2 C . 

The H-closed space H we will construct is of the form hoj - an H-closed 
extension of oj. Recall that aoj = f3oj (see 7B(5) in |12j). 

Construction of H = hoj: 

As |[w*H = 2 C , let = {5 a : a < 2 C }. There is a bijection y : {(a,/3) G 

2 C x 2 C : a < f3} — > 2 C . Inductively define for each 7 G 2 C , a pair {a 7 ,6 7 } G 
[w*] 2 such that a 7 G d^ CJ (S a ) \ C and & 7 G dp U] (Sp) \ C where g(a, f3) = 7, 
{a 7 , 6 7 } n {0,5, bs} = for 5 7^ 7 < 2 C , and a 7 7^ 6 7 . Consider this partition 

P = {{a 7 , 6 7 } : 7 < 2 C } U {{x} : s G \ |J{{a 7 , 6 7 } : 7 < 2 C }} . 

By Lemma [2W a). there is an H-closed extension hoo of oj and a ^-continuous 
surjection / : (3oj — > hoj such that f(n) = n for n G oj and P = {f*~{y) '■ y G 
Zio; \ a;}. The topology on hoj is generated by 

{{y} U U : 17 G f| /^(y), y G /iw \ a;} U {{n} : n G w}. 

For y G hoj \ oj, there are two cases for basic open sets of hoj. 

If f*~(y) = {q, r}, where q, r are free open ultrafilters on oj, then for U G qHr, 

{y} U U is a basic open neighborhood of y. 

Otherwise, if /^~(y) = {g}, for U € q, {q} U C7 is a basic open neighborhood 
of y in hoo (note that we identify q and y in the second case) . 

For U C u, c/^(J7) = C7 U {y G few \ w : £7 n V + for V G f] f*~{y)}. 
If = { q } and C7 n V + for all V G 9, then U E q. If /^(y) = {g, r} 

and U D V 7^ for all V G q H r and if f7 ^ r, then oj\U & r. Thus, for all 
W £ q, V = W U (oj \ U) e q D r and, moreover, $ ^ U DV = V (~)W . That 
is, £7 G q. This shows, by combining both case, that f(dpu(U)) = dhu(U). 

Properties of H = hoj: 

(a) \hoj\ = 2 C ; 

(b) t(hoj) = d(hoj) = oj; 
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(c) huj \ oj is a closed discrete subset of hu; 

(d) FQvjj) = e(hu) = s(huj) = 2 C ; 

(e) If C and D are two disjoint infinite sets, then dg(C) D clg(D) ^ 0; 

(f) Fe(hLu) = u; 

(g) t e (hu) = x(hu) = c. 

Proof. The proof of (a), (6) and (c) are immediate. The statement (d) fol- 
lows from (c) and (/) follows from (e). 

(e) Let C and D be disjoint infinite subsets of huo. Then, f*~(C)r\f*~(D) = 0. 
For some a,/3 < 2 C , d^ u (S a ) C dp u f*~(C) and d^{Sp) C d^f i ~{D) (we 
can assume that a < /3). Let g(a,/3) = 7; then, {o a ,6 a } € and f(a a ) = 
f(b a ) = y. But /(a a ) G /(cZ^^)) C f(clp w f^(C)) C dg(ff^(C)) = 
dg(C). Likewise, G dg(D). That is, y G de(C) Dclg(D). 

(g) Clearly, x(huj) < c. This shows that tg(hco) < c. To show that tg(hoj) > c, 
we will use C" = C U {p} (defined in Remark [g5|) . 

By the definition of Zio;, {p} G V and {c} G V for all c G C. That is, 
/(p) = P and /(c) = c for c G C. If £/ G p, cl hLU (U) = f(d 0w (U)). Now, 
P G c/^(f/), so c/^({p}UC7) = c/^([7) = f{d^{U)). Also, c/^({p}UC7) = 
HdpUU))nf(C) = f(d^(U)nC) + 0. This shows that p G ^(C). Let 
£ G [C] <c ; there is [/ G p such that cZ^CM U U) n £ = 0. As E = f^f(E) 
and c/^({p} U [/) n f*~f(E) = it follows that = /(c/^({p} U [/)) Pl-E = 
cZ/i^({p} U U) n £\ That is, p ^ dg ) h U )(E). This shows that ig(p, > c. It 
follows that xiPi ^ LUJ ) — c an( i x{hoj) = tg(hu) = c. □ 

The results of the properties of H = hu combine to show the following result: 
Theorem 27. 

There is an H-closed space H such that u = Fq{H) < tg(H) = c. 

Conclusion B. Theorem 7.4 in |12| (our Lemma R?f|) is a general method 
for generating H-closed spaces that are extensions. The construction of the 
H-closed space H = hu in Theorem {27\ indicates the potential usefulness of 
the technique in |12] , 
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